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Braneworld cosmology in f (R, T ) gravity
P.H.R.S. Moraes1 • R.A.C. Correa2
Abstract Braneworld scenarios consider our observ-
able universe as a brane embedded in a 5D space,
named bulk. In this work, we derive the field equa-
tions of a braneworld model in a generalized gravi-
tational theory, namely f(R, T ) gravity, with R and
T representing the Ricci scalar and the trace of the
energy-momentum tensor, respectively. The cosmo-
logical parameters obtained from this approach are in
agreement with recent constraints from type Ia super-
novae data, baryon acoustic oscillations and cosmic mi-
crowave background observations, favouring such an al-
ternative description of the universe dynamics.
Keywords braneworld · f(R, T ) gravity · cosmological
models
1 Introduction
General Relativity breaks down at high enough ener-
gies. At some time in the early universe, it reached an
energy scale which cannot be described by Einstein’s
theory. At those regimes we need a quantum theory of
gravity. Attempts for that are found in the literature
as Loop Quantum Gravity (Ashtekar and Lewandowski
2004; Ashtekar and Singh 2011; Rovelli and Smolin
1990; Rovelli 1998) and M-theory (Banks et al. 1997;
Berman and Perry 2011; Dasgupta et al. 1999).
Plenty of efforts have been made in trying to de-
scribe the observable universe as a 3−brane embedded
in a 5D space-time named bulk. Some of these models
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rise as a special case of 11-dimensional M-theory. In
Randall-Sundrum (RS) I braneworld model (Randall
and Sundrum 1999), such a universe set up, with two
branes - the weak brane, where we live in, and the grav-
ity brane - was presented as an optimistic alternative to
solve the hierarchy problem. Differently from the other
fundamental forces, gravity would not be stuck on the
weak brane. It would always “realize” the effects of an
extra compactified dimension. Note that according to
Einstein, gravity is connected with the geometry of the
(entire) space-time; in this way, it is expected to act in
each dimension.
In RSII braneworld model (Randall and Sundrum
1999b), the weak brane is “sent to infinite” and we and
all the standard model particles are found at the gravity
brane. Note that despite gravity “leaks” through the
extra dimension, it is concentrated near the brane, i.e.,
the graviton probability function has a maximum at the
brane and exponentially falls as one moves away from
the brane through the fifth dimension, which differently
from RSI case, can be large. Indeed, this happens be-
cause the extra dimension in RSII model is considered
to be warped. Moreover, RSII braneworld is capable of
recovering, in a certain energy regime, the newtonian
gravitational potential, as carefully discussed in (Ran-
dall and Sundrum 1999b).
A lot of cosmological models have been derived from
RSII model (check, for instance, (Binetruy et al. 2000;
Flanagan et al. 2000; Kim and Kyae 2000; Apos-
tolopoulos and Tetradis 2006; Campos et al. 2003) and
references therein, and also (Brax et al. 2004) for a
seminal braneworld cosmology review).
RSII model has also been considered as the universe
set up for generalized models of gravity, such as f(R)
theories (Nojiri and Odintsov 2003; Shamir 2010; Ma-
soudi and Saffari 2013; Hussain et al. 2011), as one can
see, for instance, in (Balcerzak and Dabrowski 2011;
Bazeia et al. 2013; Xu et al. 2015).
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2Recently, a more general theory of gravity was pro-
posed by T. Harko and collaborators, for which, be-
sides the general dependence on the Ricci scalar R
as in f(R) theories, the gravitational part of the ac-
tion also depends on a generic function of T , the trace
of the energy-momentum tensor, namely the f(R, T )
gravity (Harko et al. 2011). Although plenty of ex-
tradimensional cosmological models have been derived
from f(R, T ) theories (e.g. (Moraes 2015; Moraes 2014;
Ram and Priyanka 2013; Reddy et al. 2013; Rao and
Papa Rao 2015; Reddy et al. 2012; Samanta and Dhal
2013)), none of them has considered braneworld scenar-
ios so far. Therefore, it seems reasonable and promising
to consider f(R, T ) gravity in the scope of braneworld
scenarios, more specifically, the RSII model, which is
the aim of the present work.
In fact, f(R, T ) gravity has already been considered
in braneworld models (Bazeia et al. 2015; Correa and
Moraes 2015). However, such applications were made
in thick (non-RS) brane models and no cosmological
scenarios have been derived.
Note that the f(R, T ) theories predict a coupling be-
tween matter, through the dependence on T , and geom-
etry, through the dependence on R. The T -dependence
could be interpreted as inducted from the existence of
quantum effects (Harko et al. 2011). In fact, this de-
pendence links with known illustrious proposals such as
geometrical curvature inducing matter and geometrical
origin of matter content in the universe (Shabani and
Farhoudi 2013; Farhoudi 2005). Meanwhile, the RSII
bulk contains only gravity (geometry), and the brane
(matter) arises as a geometrical manifestation of such
an empty 5D space-time. The match between these fea-
tures justify and make promising the consideration of
f(R, T ) theories in braneworlds.
As it will be shown below, the braneworld approach
raises some new quantities, not found in standard cos-
mology, like the 5D bulk cosmological constant Λ(5) and
the brane tension σ. In (Moraes and Miranda 2014) it
was presented a pioneer form for constraining the values
that the brane tension cosmological parameter can as-
sume, from the study of the sign of gravitational waves
emitted by a binary system of neutron stars.
It is worth mentioning that recently, in the literature,
it has been common to see efforts focused on probing
the existence of a braneworld extra dimension. Since
the photons are confined to the brane, the extra di-
mension cannot be observed and its probing is made
indirectly, as one can check in (Simonetti et al. 2011;
Yagi et al. 2011; Johannsen 2009; Farajollahi et al.
2013; Rahimov et al. 2011), for instance.
2 The f(R, T ) gravity
Recently proposed by T. Harko et al., the f(R, T ) grav-
ity considers the gravitational part of the action as
being dependent on a function of R, the Ricci scalar,
and T , the trace of the energy-momentum tensor Tµν
(Harko et al. 2011). The dependence on T is justified
by the consideration of quantum effects. In this way,
the gravitational part of the action reads
SG =
1
16pi
∫
d4x
√−gf(R, T ), (1)
with f(R, T ) being the function of R and T , g the de-
terminant of the metric and we will work with units
such that c = G = 1.
By varying Eq.(1) with respect to the metric, one
obtains the following field equations (FEs):
fR(R, T )Rµν − 1
2
f(R, T )gµν + (gµν2−∇µ∇ν)
fR(R, T ) = 8piTµν − fT (R, T )Tµν − fT (R, T )Θµν . (2)
In (2), as usually, Rµν stands for the Ricci tensor,
Tµν = gµνLm − 2∂Lm/∂gµν is the energy-momentum
tensor, with Lm being the matter lagrangian, ∇µ is
the covariant derivative with respect to the symmet-
ric connection associated to gµν with µ, ν running
from 0 to 3, as originally proposed by the authors,
fR(R, T ) ≡ ∂f(R, T )/∂R, fT (R, T ) ≡ ∂f(R, T )/∂T ,
2 ≡ ∂µ(√−ggµν∂ν)/√−g and Θµν ≡ gαβδTαβ/δgµν .
It can be seen, from several cosmological models ob-
tained via f(R, T ) gravity, such as (Rao and Papa Rao
2015; Baffou et al. 2015; Shabani and Farhoudi 2014;
Moraes 2015b), that the extra terms1 in the FEs (2)
may be the responsible for the present cosmic accelera-
tion the universe is passing through (Riess et al. 1998;
Perlmutter et al. 1999). Such a cosmological feature in
standard cosmology is justified by the existence of the
cosmological constant Λ, which yields a sort of “anti”-
gravitational effect on the Einstein’s FEs. In this way,
f(R, T ) gravity is able to predict the cosmic accelera-
tion without the necessity of invoking the cosmological
constant. Consequently, such a scenario is free of the
cosmological constant problem (Weinberg 1989; Peebles
and Ratra 2003; Luongo and Quevedo 2012).
1“Extra terms” when compared to standard gravity field equa-
tions.
33 The field equations of the f(R, T )
braneworld model
The total action in RSII model consists of the bulk and
brane actions, as (Brax et al. 2004)
Sbulk = −
∫
d5x
√
−g(5)
[
R(5)
16pi
+ Λ(5)
]
, (3)
Sbrane =
∫
d4x
√−g(−σ). (4)
In the equations above, g(5) is the determinant of the 5D
metric, R(5) is the 5D Ricci scalar, Λ(5) is the bulk cos-
mological constant, g the determinant of the 4D metric
and σ is the brane tension.
Let me assume, as in (Brax et al. 2004), that the
RSII bulk metric reads
ds2 = a2(t, y)b2(t, y)(dt2−dy2)−a2(t, y)ηijdxidxj . (5)
In (5), a and b are the scale factors and ηij is the
Minkowski metric with i, j = 1, 2, 3, so that (5) is con-
sistent with a homogeneous and isotropic brane located
at y = 0, with y being the extra space-like dimension.
The non-null components of the Einstein tensor in
the bulk for (5) are
G00 = 3
[
2
(
a˙
a
)2
+
a˙
a
b˙
b
− a
′′
a
+
a′
a
b′
b
+ σ˜b2
]
, (6)
G11 = 3
a¨
a
+
b¨
b
−
(
b˙
b
)2
− 3a
′′
a
− b
′′
b
+
(
b′
b
)2
+ σ˜b2, (7)
G22 = G
3
3 = G
1
1, (8)
G40 = 3
(
− a˙
′
a
+ 2
a˙a′
a2
+
a˙
a
b′
b
+
a′
a
b˙
b
)
, (9)
G44 = 3
[
a¨
a
− a˙
a
b˙
b
− 2
(
a′
a
)2
− a
′
a
b′
b
+ σ˜b2
]
, (10)
with dots and primes standing for derivations with re-
spect to time and extra dimension, respectively, and
σ˜ ≡ 8piσ/√6.
Naturally, those non-null components of the Einstein
tensor must be related to the matter-energy content
of the universe. In order to construct such relations,
let me develop Eq.(2) in 5D, by assuming f(R, T ) =
R+2λT , with λ a constant. Such an f(R, T ) functional
form has been widely explored in cosmology, as it can
be seen, for instance, in (Harko et al. 2011; Moraes
2015; Moraes 2015b; Moraes 2014; Kumar and Singh
2015; Mahanta 2014). In 5D, one has, from (2):
GAB = 8piTAB + λTgAB + 2λ(TAB + PgAB), (11)
for which A,B run from 0 to 4 and P is the pressure of
the universe.
It should be stressed that for the energy-momentum
tensor of a perfect fluid on the rhs of Eq.(11), one must
consider the contributions from both the bulk and the
brane. For instance, in the above equation, P = pbulk+
p, with p being the brane pressure. In the same way,
below, ρ will stand for the brane density. Therefore,
with the help of Eqs.(6)-(10), the development of (11)
yields
3
[
2
(
a˙
a
)2
+
a˙
a
b˙
b
− a
′′
a
+
a′
a
b′
b
+ σ˜b2
]
= 4(2pi + λ)Λ(5)
+ (8pi + 3λ)ρ− λp, (12)
3
a¨
a
+
b¨
b
−
(
b˙
b
)2
− 3a
′′
a
− b
′′
b
+
(
b′
b
)2
+ σ˜b2 = 8piΛ(5)
+ λρ− (8pi + λ)p, (13)
along with the following constraint relations
a˙′ = 2a˙a′ + a˙+ a′
b′
b
, (14)
σ =
√
6
8pib2
[
− a¨
a
+
a˙
a
b˙
b
+ 2
(
a′
a
)2
+
a′
a
b′
b
]
. (15)
It should be noted that the equations above stand for
the brane location. Moreover, I have used the relation
ρbulk = −pbulk = Λ(5), which is assumed in RS models
(Brax et al. 2004; Binetruy et al. 2000), and both T 04
and T 44 are null, the latter because, as mentioned in
Section 1, the extra dimension contains only gravity.
44 A matter-dominated universe in f(R, T )
braneworld scenario
When deriving the cosmological solutions for the
f(R, T ) brane model, I will assume the universe is dom-
inated by matter, with equation of state (EoS) p = 0 to
be substituted in (12)-(13). Such a consideration along
with Eq.(15) make us able to write
5
2
(
a¨
a
− a
′′
a
)
−
(
a˙
a
)2
+
(
a′
a
)2
= −Λ˜(5), (16)
with Λ˜(5) ≡ (−44pi/9)Λ(5) and λ = 8pi/3. In (16),
as in (Binetruy et al. 2000), the fifth dimension was
considered to be static.
In order to solve Eq.(16) we will use the method of
separation of variables. By taking a(t, y) = θ(t)ε(y),
with θ(t) and ε(y) being functions of t and y only, re-
spectively, we obtain from (16):
5
2
θ¨
θ
−
(
θ˙
θ
)2
= 0, (17)
5
2
ε′′
ε
−
(
ε′
ε
)2
= Λ˜(5), (18)
for which we have taken the constant of separation to
be −Λ˜(5).
The solution of Eq.(17) is
θ(t) = C1(3t+ C2)
5/3, (19)
with C1 and C2 being constants.
On the other hand, the solution of (18) will depend
on the sign of the constant Λ˜(5). By choosing positive
values for Λ˜(5), the solutions will be exponentials of y,
while when Λ˜(5) is negative, an oscillatory dependence
for y in the scale factor is obtained as ε ∼ cos y. An
oscillatory dependence for such a scale factor is non-
physical, so we shall discard the case Λ˜(5) < 0.
If we choose to work with the gauge Λ˜(5) = 1, we
have
ε(y) = C3(C4e
αy + 1)5e−βy, (20)
with C3 and C4 being constants, α = 2
√
6/5 and β =√
6/3.
Now, from Eqs.(19)-(20), we can write the scalar fac-
tor a(t, y) as
a(t, y) = C0(3t+ C2)
5/3(C4e
αy + 1)5e−βy, (21)
with C0 ≡ C1C3. Here, it is important to remark that
the solutions of Eqs.(17) and (18), given by Eqs.(19)
and (20), respectively, contain four arbitrary integra-
tion constants, which are determined by initial condi-
tions. By taking a(0, y) = 0 yields C0 6= 0 and C2 = 0.
Moreover, as we are interested in determining the Hub-
ble factor H = a˙/a, it is not necessary to find the values
of C0 and C4, since such a ratio will remove the depen-
dence on these constants.
From Eq.(21), one is able to plot the Hubble param-
eter H = a˙/a of the f(R, T ) braneworld model. Such a
cosmological parameter is depicted below.
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Fig. 1 Plot of the Hubble parameter.
Furthermore, in possession of Eq.(21), one is also
able to calculate the deceleration parameter q =
−aa¨/a˙2, so that the universe expansion is accelerat-
ing when q < 0 and decelerating when q > 0. From
Eq.(21), one obtains q = −0.4, in accordance with the
acceleration of the universe expansion.
5 Conclusions
In this work, we have presented a novel cosmological
scenario, which is derived from the consideration of the
f(R, T ) theory of gravity in the RSII braneworld. Al-
though plenty of extradimensional cosmological mod-
els have been derived in f(R, T ) gravity (check, for in-
stance, (Moraes 2015; Moraes 2014; Ram and Priyanka
2013)), those were not obtained from the braneworld
scenario consideration. Rather, they were obtained
from Kaluza-Klein models (Overduin and Wesson 1997;
Moraes 2016). Although the unification of f(R, T )
gravity with braneworld scenarios was made (Bazeia
et al. 2015; Correa and Moraes 2015), in such works,
the braneworld set up was not RS like, and last, but
not least, no cosmological solutions were obtained.
5In Section 4, the solutions of Eq.(16) favoured a
negative bulk cosmological constant Λ(5) (remind that
Λ(5) > 0 yields a non-physical scale factor). It is well
known that the bulk cosmological constant must, in-
deed, be negative (Brax et al. 2004; Randall and Sun-
drum 1999; Randall and Sundrum 1999b; Campos et al.
2003; Germani and Maartens 2001). In fact, a positive
bulk cosmological constant would accelerate the “leak-
ing” of gravity through the extra dimension, making it
harder to locate such a force on the brane. While a neg-
ative bulk cosmological constant is sometimes imposed
to braneworld cosmological models, in the present work,
this feature has emerged naturally.
Still in Section 4 we have derived the resultant cos-
mological parameters of the model. Fig.1 reveals a well-
behaved evolution for the Hubble parameter. Firstly
note that, from standard cosmology, H ∼ t−1H , with tH
being the Hubble time. It can be seen from Fig.1 that
such a feature is conserved in the f(R, T ) brane model.
Furthermore, H is restricted to positive values, assuring
the universe expansion.
The deceleration parameter is defined in such a way
that if q < 0, the universe expansion is accelerating.
Type Ia Supernovae (Riess et al. 1998; Perlmutter et al.
1999) and temperature fluctuations on the cosmic mi-
crowave background radiation observations (Hinshaw
et al. 2013) confirm our universe is undergoing a phase
of accelerated expansion. In Section 4, the result pre-
dicted by the model for the present value of the decel-
eration parameter was q = −0.4, in accordance with an
accelerated expansion.
Moreover, q = −0.4 is in the range of accepted values
for q at present as one can see in (Hinshaw et al. 2013;
Giostri et al. 2012), in which for the latter, the authors
have combined Baryon Acoustic Oscillations observa-
tions with Supernovae Ia data to constrain the values
of the deceleration parameter. Here, it is worth men-
tioning that the values of the constants C0 and C4 have
no effect on the numerical value of q in the present
model. In fact, there was no necessity of assuming any
values for them.
A value for q which is also in accordance with
(Giostri et al. 2012) was already found by consider-
ing f(R, T ) gravity in another extradimensional model,
the Kaluza-Klein gravity (Overduin and Wesson 1997).
In that approach, in order to obtain a negative accepted
value for q it was necessary to assume the EoS p = −ρ
in the model FEs (Moraes 2014). Such an EoS is in
agreement with recent Wilkinson Mapping Anisotropy
Probe observations, which predict ω = −1.073+0.090−0.089
at present for a cosmological constant dominated uni-
verse (Hinshaw et al. 2013). On the other hand, in the
present f(R, T ) braneworld model, it was not necessary
to assume the EoS above. Recall that in Section 4, I
have assumed p = 0. Such an EoS stands for a matter
dominated universe, i.e., there was no need of assuming
any kind of exotic fluid for the universe composition and
nevertheless, an accelerated expansion was obtained.
Furthermore, it is worth stressing that some extradi-
mensional f(R, T ) models found in the literature could
not be able to generate a negative deceleration pa-
rameter, predicting, this way, a decelerating expansion
(Reddy et al. 2012; Reddy et al. 2013). On the other
hand, from a generic functional form for f(R, T ) and
without the necessity of invoking an exotic EoS for the
universe, the present model was able to predict the cos-
mic acceleration.
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